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ABSTRACT

Modeling of the generalized multilayer cylindrical an-

isotropic dielectric loaded resonator structure by rigor-

ous mode matching method is presented. Eigen modes

of the multilayers two parallel plates waveguides are ob-

tained. By cascading the radial discontinuities of the

structure, resonant frequency, �eld distribution and the

unloaded Q of the resonator are obtained. The com-

puted results are compared with the experimental data

for higher order Whispering Gallery (WG) modes and

shown to be in good agreement .

I. INTRODUCTION

With the breakthrough of the ceramic technology, a

number of new high dielectric constant materials with

high quality factor, low temperature coe�cient were

developed. Tremendous progress on stabilization and

miniaturization of cavity resonators and �lters has been

achieved in the past three decades. Dielectric loaded

resonators and �lters with high unloaded Q have been

widely used in the communication systems and other

microwave applications [1]-[5].

Recently, cooled, ultra-high Q, high stability sap-

phire dielectric resonators found important applications

in construction of ultra-stable low noise microwave os-

cillators [5]-[9]. Sapphire resonator operating at whis-

pering gallery (WG) mode ( hybrid mode with large

number of azimuthal variations ) can achieve extremely

high value of Q factor at X-band at liquid nitrogen to

liquid helium temperatures without using superconduc-

tors. As single crystalline sapphire is a dielectric with

uniaxial anisotropy, the in
uence of the anisotropic di-

electric constants on the resonant modes of the res-

onator has to be taken into account in the resonator

design. The design of such resonators requires the ac-

curate computation of the resonant frequencies and the

unloaded Q of both spurious and operating modes.

1
Now with CELWAVE, Division of Radio Frequency System Inc.,

z

ϕ

ρ

0

. . .

. . .

. . .

. . .

. . .

. . .. . .

. . .

PEC or PMC

PEC or PMC

PEC
  or 
PMCb

b1

b2

. . .

bNz

r1

r2

rNr

rN  -1r

ε r 1Nz
µ

1Nzr

ε r 2Nz
µ

2Nzr

ε r 12

12
µr

ε r 22

22
µr

ε r 21

21
µr

ε r 11

11
µr

ε r N 1

N 1r

r

µr

ε r N Nr z

N Nr z
µr

ε r N 2

N 2r

r

µr

Fig. 1. Con�guration of the generalized multilayer cylindrical

uniaxial-anisotropic dielectric loaded resonator

Few analysis methods have been reported for the

study of uniaxial-anisotropic dielectric resonators. Al-

though rigorous mode matching techniques in [6][10]

are used to solve the solid and ring type sapphire res-

onators, only the resonant frequencies of the resonators

are obtained. Other important parameters of the res-

onator, such as �eld distributions, unloaded Q spurious

free window WG modes, and the frequency sensitivity

of the anisotropic resonator, are not seen in the litera-

ture. Furthermore, the e�ects of the support structure

on the resonator are needed to be taken into account

in the resonator design. Thus a modeling method for

analysis of the generalized uniaxial anisotropic multi-

layer dielectric loaded resonator structure needs to be

developed for design of the sapphire and other multi-

layer dielectric loaded resonators and �lters.
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In this paper, the modeling of the generalized multi-

layer cylindrical anisotropic dielectric loaded resonator

structure by rigorous radial mode matching method is

presented. Eigen modes of the generalized multilayer

two parallel plates waveguides are obtained. By cas-

cading all the radial discontinuities of the structure,

resonant frequency, �eld distribution, and unloaded Q

of the resonator are obtained for any mode. The fre-

quency sensitivity to the enclosure dimension changes

of the resonator can be accurately determined by using

the perturbation theory. The correctness of the theory

is veri�ed by comparing the computed results with the

measured results.

II. CONFIGURATION AND THEORY

The con�guration of a generalized multilayer cylin-

drical uniaxial-anisotropic dielectric loaded resonator

under consideration is shown in Fig. 1, in a cylindri-

cal coordinate system (�, �, z). There are Nz layers

in z-direction, and Nr layers in r-direction. Therefore,

the structure can be partitioned into Nz �Nr regions

to be able to be analyzed by mode matching method.

Each region can be �lled with a uniaxial-anisotropic di-

electric material with relative permittivity tensor (��r)ij ,

loss tangent (tan�)ij , and relative isotropic permeabil-

ity (�r)ij . The top, bottom and side wall can be either

perfect electric conductor (PEC) or perfect magnetic

conductor (PMC).

The permittivity tensor ��r is given by:

��r =

2
4 �t 0 0

0 �t 0

0 0 �z

3
5 (1)

For isotropic case, the dielectric constants �t and �z are

equal. Since the number of layers Nz, Nr of the res-

onator are arbitrary and the dielectric constant in each

region can also be chosen arbitrarily, the con�guration

is very general and allows almost unlimited types of

structures to be analyzed.

Starting from the Maxwell's equations, the wave equa-

tions in the charge free uniaxial anisotropic medium can

be obtained as:

r
2 ~E �

�
1�

�z

�t

�
r

�
@Ez

@z

�
+ k2o�r�z

~E = 0 (2)

r
2 ~H� j!�o�t

�
1�

�z

�t

�
r� (ẑEz)+k2o�r�t

~H = 0 (3)

Since the components of ~E and ~H are not all indepen-

dent, it is not necessary to solve all six scalar wave equa-

tions for the six �eld components at the same time. To
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Fig. 2. Multilayer two parallel waveguides and radial disconti-

nuity in the dielectric loaded resonator

simplify the analysis, it is usual to decompose the nor-

mal mode �elds into two orthogonal sets of solutions,

i.e. TEz modes (Ez = 0) and TMz modes (Hz = 0).

The transverse �eld components can then be expressed

in term of the Ez and Hz �elds.

Rigorous radial mode matching method is then ap-

plied to model the resonator. In this method, the res-

onator is divided into Nr regions along � direction, ac-

cording to its radial discontinuities, and each radial re-

gion has Nz layers in z direction, as shown in Fig. 2.

From the top and bottom plate's boundary conditions

of the two parallel plates radial waveguide, the �eld

expressions of the eigen function in each layer can be

obtained. Applying the boundary conditions at the in-

terfaces between two layers, the characteristic equation

for the radial propagation constant of the eigen modes

can be obtained by repeatedly computing the �eld coef-

�cients of the next layer. The propagation constant of

the modes can then be found by searching for the prop-

agation constant which satis�es the characteristic equa-

tion. All the �eld coe�cients of the two parallel plates

waveguide's eigen function can then be computed.

Having obtained the eigen functions of the two par-

allel plates waveguide of each radial region, the total

electromagnetic �elds in each radial region can then be

expanded as the linear combinations of the eigen �elds

of the two parallel plates waveguide. By forcing the tan-

gential electromagnetic �elds at the interface between

two radial regions, and taking the proper inner product,

the continuity equations relating the �eld coe�cients

between the two regions can be obtained. Consider the

discontinuity between radial region i and region i+ 1,

and assuming that the �eld coe�cient relation matrix
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Fig. 3. Mode chart of a solid type HE5 sapphire resonator as a

function of the radius of support

[T i
CD] of the inner region i has been known from solving

the discontinuity of the previous region, as:

�
Di
�
=
�
T i
CD

� �
Ci
�

(4)

Substitute it into the continuity equations, the �eld

coe�cient relation matrix of the outer region i+ 1 can

then be obtained:

�
Di+1

�
=
�
T i+1
CD

� �
Ci+1

�
(5)

Since all the elements of the �eld coe�cient matrix�
T 1
CD

�
of the inner most region are zero, an equation

relating the coe�cients of the outer most region can be

obtained by repeatedly cascading the coe�cient ma-

trix from inside to outside of the resonator. Apply-

ing the boundary conditions at the side enclosure wall,

the characteristic equation for the resonant frequency

of the resonator can �nally be obtained. Searching

for the zero determinant of the characteristic equation

gives the resonant frequencies of the resonant modes of

the analyzed uniaxial anisotropic dielectric loaded res-

onator. The �eld coe�cients of the resonant mode in

each region can then be obtained by solving the char-

acteristic and continuity equations.

The computation of the unloaded Q involves the cal-

culation of the stored energy WE;H of the resonant

mode in the structure, dielectric loss Pd, and the con-

ductor losses Pc at the enclosure. Since all the eigen

mode functions and their �eld coe�cients are known,

Fig. 4. Measured resonant frequency and spurious free window

of the HE5 resonator

the above computation can be achieved analytically,

which yields high computational e�ciency and accu-

racy especially for WGM resonators. The total un-

loaded Q of the resonator is computed from:

1

Qu

=
1

Qd

+
1

Qc

=
1

!o
WE;H

Pd

+
1

!o
WE;H

Pc

(6)

The separation of Qd and Qc helps to understand the

loss mechanism of the structure and to optimize the

dimensions of the resonator.

III. NUMERICAL RESULTS

A computer program has been developed to compute

the resonant frequency, �eld distribution, unloaded Q

and frequency sensitivity of the cylindrical multilayer

uniaxial anisotropic dielectric loaded resonators. As

the resonant frequencies of most low order modes are

quite sensitive to either the height of the enclosure, or

to the radius of the WGM resonator, only at certain

dimension of the height and radius of the enclosure,

balanced large spurious free window can be obtained.

Fig. 3 shows the mode chart of an optimized solid HE5

sapphire resonator with the support as a function of the

support radius. It is seen that the resonant frequencies

of the HE5 mode is nearly invariable to the change of

the support radius, which implies that the resonator is

highly stable. The optimized post radius is found to be

at 0:075" which gives 305 MHz spurious free window.

The measured results of the resonant frequency and the

spurious free window of the resonator with 0:075" sup-

porting post is shown in Fig. 4. The marker 1 shows

the resonant frequency of the HE5 mode, and marker
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Fig. 5. Contributions of the dielectric and conductor unloaded

Q of a sapphire resonator as function of temperature

2 and 3 indicate the resonant frequencies of HE4 and

HE2 modes, corresponding to the resonant modes in

Fig. 3 at r1 = 0:075", respectively. The excellent

agreement between the computed and measured results

again shows the correctness of the theory and accuracy

of the results.

Fig. 5 shows the typical contributions of the dielec-

tric loss and conductive losses of a ring type WGM

sapphire resonator operating at HE5, HE7 and HE11

modes as a function of temperature between 50 and 100

K. The resonant frequencies of the WGMmodes are 8:1,

9:6 and 13:0 GHz, respectively. It is seen that the un-

loadedQ of theHE7 andHE11 modes are mostly deter-

mined by the dielectric loss of the resonator, while the

conductive loss is dominant for HE5 mode. The com-

puted unloaded Qs are compared with the measured

results by Flory [6]. The unloaded Q of the HE11 mode

are close to that by the experiment. But the measured

Q of the HE7 mode are too low which is probably due

to the strong in
uence of some extrinsic loss factors [6],

such as poor contact of the enclosure.

IV. CONCLUSIONS

Generalized multilayer cylindrical anisotropic dielec-

tric loaded resonator is modeled by rigorousmode match-

ing method. Resonant frequency, �eld distribution, un-

loaded Q of the resonant mode are obtained. The cor-

rectness of the theory and accuracy of the results are

veri�ed by comparing the measured results.
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